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It is shown that if an oriented complete bipartite graph has a directed cycle of 
length 2n, then it has directed cycles of all smaller even lengths unless n is even and 
the Zn-cycle induces one special digraph. 
A well-known theorem on tournaments (oriented complete graphs), due to 
Camion [ 11, states that every strongly connected tournament has a spanning 
cycle. GrGtschel and Harary [3] have observed that cycles and complete 
graphs are the only graphs for which every strongly connected orientation is 
Hamiltonian, so that Camion’s result cannot be extended to other families of 
graphs. However, Camion’s theorem has been generalized in another way by 
Harary and Moser [4]: Every strong n-tournament has cycles of lengths 
3, 4,..., n (a result which has been further generalized by Moon [7, p. 81 and 
by Goldberg and Moon [2]). Another way of viewing this result is as 
follows: If a tournament has an n-cycle, then it has a k-cycle for 
k = 3,4,..., n. In this article we derive some similar results for “bipartite tour- 
naments,” that is, for oriented complete bipartite graphs. 
Formally, a bipartite tournament is a digraph whose vertex set is the 
disjoint union of two sets X and Y and whose arc set contains, for each pair 
of vertices x E X and y E Y, exactly one arc joining x and y (and no arcs 
joining two vertices in X or two in Y). That is, a bipartite tournament is the 
result of orienting the arcs of a complete bipartite graph. 
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We observe that bipartite tournaments share with tournaments the feature 
that they can be used to represent results of competition. While round-robin 
competition gives a tournament, it is two-team competition in which every 
player individually competes against each one on the opposing side which 
gives a bipartite tournament. Moon [6] has studied some properties of these 
structures and in future work we plan to present other results. Jackson [S] 
has recently discovered some theorems which, in contrast to ours, give 
lower bounds on the length of longest cycles. We shall mention these further 
at the conclusion of the paper. 
Most of our terminology will be more or less standard (see Moon [7]); in 
particular, in the word cycle, directedness will be implicit. Clearly every 
cycle in a bipartite tournament has even length and we will be considering 
the question of what cycle lengths are guaranteed by the existence of a given 
cycle. 
Consider the bipartite tournament F,, of order 4r which has vertices 
v,, u*,..., vdr and arcs v,vi for those i andj satisfyingj - i= 1 (mod 4). This 
structure is indicated in Fig. 1. Clearly, the length of every cycle of this 
bipartite tournament is a multiple of 4 and all multiples of 4 (up to the rth) 
occur. We shall show that F,,, is exceptional in that any other Hamiltonian 
bipartite tournament has cycles of all smaller even lengths. 
To this end, we adopt some conventions and make some definitions. Given 
a cycle of length 2n, it will be standard to assume that its vertices are 
1, 2,..., 2n - 1, 0 and its arcs are i+ i + 1 for each i. (All addition we do is 
modulo 2n.) In such a 2n-cycle, the arc joining two vertices at (shorter) 
distance 2r + 1 on the cycle (that is, an arc joining i and i + 2r + 1) is called 
a 2r-chord. If it is directed from i to i + 2r + 1, it is called a 2r-skipper (in 
an informal sense, it “skips” 2r vertices). These concepts are useful in 
proving our first result. 
FIGURE 1 
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FIGURE 2 
LEMMA 1. If a bipartite tournament has a 2n-cycle (for n > 4), then it 
has a (2n - 4)-cycle. 
Proof Let C denote the standard 2n-cycle. If C has a 4-skipper, there is 
clearly a (2n - 4)-cycle. The same result holds if C has two nonoverlapping 
2-skippers; that is, two arcs i + i + 3 and j+ j + 3 with j # i - 2, i - 1, i, 
i t 1, or i t 2. Therefore, without loss of generality, we assume that there are 
no 4-skippers and at most three 2-skippers, and that each 2-skipper which 
exists goes from -5 to -2, from -4 to -1, or from -3 to 0 (see Fig. 2). 
Thus, for each value of i, we have the arcs i + i + 1 and i -+ i - 5; and for 
i # -2, -I or 0, the arc i + i - 3. It follows that we have all the consecutive 
arcs in the cyclic arrangement 
0, -5, -4, -3, -8, -7, -10, -9 )...) 4, $2, 3,0 
(see Fig. 3). This cycle omits just the vertices -1, -2, -6, and 1 and hence is 
a (2n - 4)-cycle. 
For our next results, we make another definition. A 2r-chord joining i and 
i + 2r t 1 on a 2n-cycle (for 2r < n - 1) will be called consistent if it is 
directed 
from i to i t 2r + 1 if r is odd 
and 
from i + 2r + 1 to i if r is even. 
-10 
FIGURE 3 
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LEMMA 2. If a bipartite tournament has a 2n-cycle with a consistent 
chord, then it has a (2n - 2)-cycle. 
Proof: Let C be the standard 2n-cycle, and assume that r is the minimum 
value for which C has a consistent 2r-chord. Thus r > 0. We consider 
separately the cases of r being even and odd. 
Case 1: r is odd. The case r = 1 is obvious, so we assume that 
r = 2m + 1 with m > 0, and, without loss of generality, that the consistent 
chord is 0 + 4m + 3. It follows that we have the arc 3 + 4m + 4, and for 
each i, the arcs i -+ i - 3 and i + i + 1. Hence we have the arcs of this cycle 
sequence: 
0,4m + 3,4m, 4m + 1,4m - 2, 4m - 1,4m - 4,4m - 3 ,...; 
4, $2, 3,4m + 4,4m + 5,4m + 6 ,..., -1,O 
(see Fig. 4). As this omits only the two values 1 and 4m + 2, we have the 
desired (2n - 2)cycle in this case. 
Case 2: r is even. In this case, we assume that the consistent chord is 
4m + 1 --) 0. Hence, by minimality, we have the arc 4m - 3 + -2, and of 
course all the arcs i + i - 3 and i -+ i + 1. Therefore, the arcs of this sequence 
must occur (see Fig. 5): 
0, 1,2 ,..., 4m - 4, 4m - 3, -2, -1, -4, -3, -6, -5 ,..., 
4m + 3,4m, 4m + 1,O. 
FIGURE 4 
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FIGURE 5 
Only the vertices 4m - 1 and 4m - 2 are omitted, so that there is again a 
(2n - 2)-cycle. 
LEMMA 3. If T is an n x n bipartite tournament with a spanning cycle 
having no consistent chords, then n is even and T is isomorphic to Fdr, where 
r = n/2. 
Proof: Let T be a bipartite tournament of order 2n which has a spanning 
cycle C (taken to be in standard form). If n is odd, then C has a consistent 
(n - I)-chord in the form of either 0 + n or n --t 0. Therefore, if C is assumed 
to have no consistent chords, then n is even. Now consider the chord of C 
joining 0 and 2k + 1. If this is not consistent, it follows that it is directed to 
2k + 1 if k is even and to 0 if k is odd. In either case, if the arc is denoted 
i + j, we have j - i = 1 (mod 4). Since the same result must hold for all the 
chords of C, as well as for its arcs, it follows that T must be isomorphic to 
F4t.m 
We now come to our main theorem, which is a consequence of the three 
earlier results. 
THEOREM 1. Let C be a 2n-cycle of a bipartite tournament T. If the 
bipartite tournament induced by the vertices of C is not isomorphic to Fdr, 
where r = n/2, then T has a 2s-cycle whenever 2 < s < n. 
Proof. By Lemma 3, C has a consistent chord. Therefore, by Lemma 2, 
T has a (2n - 2)-cycle and thus, by Lemma 1, a 2s-cycle whenever 
2<s<n-2. 
In the theorem, the hypothesis includes the existence of a cycle, so that if 
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it is known that there is one long cycle, then it follows that there are cycles 
of many different lengths. Jackson [5] has established the existence of a 
cycle of a certain length depending on the in- and out-degrees of the vertices. 
His results include the following (which is not the strongest possible 
statement). 
THEOREM 2 (Jackson). If a strongly connected bipartite tournament has 
minimum in-degree h and minimum out-degree k, then it has a cycle of length 
at least 2(h + k). 
This result is best possible in that for large m, there is a strong 
(h + k) x m bipartite tournament with minimum in-degree h and minimum 
out-degree k, and of course 2(h + k) is the maximum possible cycle length. 
Jackson also observes that a corollary of this result is that regular bipartite 
tournaments are necessarily Hamiltonian. 
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